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A Proposal for a New Approach

We propose to search for unexplained structure in the geometry of the
vacuum spaces of supersymmetric theories

= Supersymmetric guantum field theories have scalars — a complicated
vacuum space of possible field vevs (¢;)

e The vacuum manifold, or moduli space M, generally characterized by
certain flat directions

e Efforts in the past to understand how these flat directions are “lifted”

e This manifold M may have special structure that correlates with certain
phenomenological properties — but NOT related to gauge invariance or
discrete symmetries



Procedure |: Determine the Vacuum Conditions

= S0 how does one determine the geometry of the vacuum space M?

e Consider a general N = 1 supersymmetric system defined by

S — / d*z [ / d'o oleV®,; + (ﬁ / d’0 TTW, We + / d’0 W (®) + h.c. )]
g

e The scalar potential can be found from the component form of the above
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where ¢; Is the lowest (scalar) component of superfield ®; with charge g¢;

- oW
Viond) = [55

e Vacuum configuration is any set of field values {¢?} such that V(¢?, ¢?) =0

= This implies the following relations:

55- =0 F-TERMS; > ¢léil*°=0 D-TERMS

= The vacuum moduli space M is the space of all possible solutions ¢
to these F and D-flatness conditions



Procedure II: Set up an Appropriate Basis

= To every solution of the F-flatness conditions there exists a solution to the
D-flatness conditions in the orbit of the complexified gauge group G°:

M= F//G¢

where F is the space of all F-flat field configurations



Procedure II: Set up an Appropriate Basis

= To every solution of the F-flatness conditions there exists a solution to the
D-flatness conditions in the orbit of the complexified gauge group G°:

M= F//G¢

where F is the space of all F-flat field configurations

= More practically speaking, the procedure involves the following:

1. Take a theory defined by a superpotential W = W (&4, ®5,...,P,)

2. Set up a basis of gauge invariant operators (GIOs) D = {D1, D5, ..., Dy}
3. Determine the n F-flatness conditions given by 0W/0¢; = 0

4. Find the set n < n of independent relations defined in (3)

5. Use these to eliminate 7 fields in the GIOs

Dk((bla ceey (,bn) — Dk(zz, . ,Zn)



Procedure Ill: Find M as an Algebraic Variety

= The various D; form the coordinates of M
e These coordinates will NOT (in general) be independent

e Let Eq(M) be the set of all algebraic relations amongst these Dy
= Eq(M) defines M as an algebraic variety

= To identify the manifold, we want to know Eq(M); i.e. want to build the
qguotient ring explicitly

e The building of the guotient ring is a manifestation of the syzygy problem
e Huge subject in mathematics barely touched by physics
e A generalization of finding divisors for a given polynomial

e Macaulay 2 and Singular can solve this problem using a Groebner
bases algorithm; already includes technology for performing ring maps



Attacking the MSSM

= Seven species of chiral superfields = 49 scalar fields (n = 49)
= All 991 possible GIOs tabulated below (k£ = 991)

T. Gherghetta, C. Kolda, S. Martin

, Nucl. Phys., B468 (1996)

Operator Explicit Sum Index Number
LH, L¥HP e, 3 i=1,2,3 3
H,Hy Ho(Hg)ge™” NA 1
LLe Li, Lie" e’ i,j=1,23 k=1,...,5— 1 9
LH e L' /(Hy)gele*? i,j=1,2,3 9
udd ul,d] dr e’ i,j=1,2.3 k=1,...,5—1 9
QdL Qz,adéLgeaﬁ i, k=1,2,3 27
QuH, QY ul (Hy)ge®” i,5=1,2,3 9
QdH, Qi o), (Hq)ge™” i,j=1,2,3 9

7 J k l _abc B~ _ad 1,5,k 0l =1,2,3; © £ k, 5 # k,

QRAL | Qap@y,Qealge e e j <, (1,4, k) # (3,2,1) o
QuQd QL (Ul Qp Bdgeaﬂ i, 5, k,1=1,23 81
QuLe Qz,auéLgeleaﬁ i,5,k,1=1,2,3 81
uude uzuidlgeleabc 1,7, k, 1l =1,2,3; 7 <1 27

7 J k abc _Bvy _ad 1,7, k, 0l =1,2,3;0 # k,j # k,

QQQHd Qa,ﬁQb,,ch,Oé(Hd)(se € € j < ’I:, (’I:,j, k) # (3, 2, 1) 8

QuHge Qb.oth(Hq) gee®” i,j,k=1,23 27
dddL L dgdgd’ng@Lgeabceijkeaﬁ m,n=1,2,3 n<m 3

1,7,k = 1,2,3 « flavor indices,

a,b,c =1,2,3 < color indices,

a, B3,y =1,2 « SU(2)y indices




Attacking the MSSM

Operator Explicit Sum Index Number
uuuee U ubukemeneabcezjk m,n=1,23 n<m 6
QuQue QL Ul Qp gupteeng ;S%(Ij;;&_ml)f 3; 108
1,9, k,m=1,2,3; 1 #m,
QQRQQu QL 5 Q) Qb o QF sulpe®™ e | 2 m,j <, 72
(,5,k) # (3,2,1)
dddLH, dﬁbdidlng(Hd)Beabceijkeaﬁ m=1,2,3 3
wudQdH, ulul dgQ'F d'F (Hy) e e i g k,m=1,23; j <i 81
(QQQ)4LLH, (QQQ)O‘mLng(Hu)v m,n=1,23 n<m 6
(QQQ)4LH H, (QRQ)G VLI (Hu) g(Ha)y m=1,23 3
(QQRQ)1HuHyHy || (QQQ)S” (Hu)a(Hy)s(Hy)y NA 1
(QQQ)4LLLe (QQQ)§* LI LELE e i = 2 27
wudQdQd o dEQT  dFQP dlete, g e ’j gg{?mp Tf) ’_(pl,’;)’}?’; 324
(QRQ)4LLH ge (QQQ)F” LI L (Hy)yeP m,n,p=1,2,3; n<m 9
(RQQ)4LHyH e (QQQ)ZQVLQ”‘(Hd)g(Hd)we m,n=1,2,3 9
(QQQ)1H HyHae | (QQQ)S™(Hy)a(Ha)s(Hy)e™ m=1,23 3

In the above we defined [(QQQ)4]apy =

Qa on 5Q c,vE€ abcezgk,’

= The reason the problem has languished for a decade...




Attacking the MSSM

= Superpotential we would ultimately like to study is given by

Wassm = N H Hg+ \j;Q; uu]+>\2QHdd + XJ;L;Hqe;
= )\OZHQHﬁeag—FZ)\ ZQ 511, Eag
1,7 a,B,a
Z)\ ZQ Hd gd]€a5+z>\ ZL Hd 58‘76@5
©,J a,f,a 0] a,f

= The matrices \;; are flavor mixing matrices

e In explicit computations they are randomly generated matrices

e Dimensionality of some coefficients suppressed (irrelevant for topology)
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= )\OZHQHﬁeag—FZ)\ ZQ 511, Eag
1,7 a,B,a
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= The matrices \;; are flavor mixing matrices

e In explicit computations they are randomly generated matrices

e Dimensionality of some coefficients suppressed (irrelevant for topology)
= Quotient space far too large and complicated for current methods

e Largest success thus far involved 25 GIOs

e Computational load scales rapidly with dim (M) for computing topological
iInformation



One Generation MSSM

= Drop all flavor indices (1 =j=k=1)sonown =7
= There are now only 9 GIOs (one of each variety)

LH,, H,H,, QdL, QuH,,, QdH;, LHge, QuQ)d, QulLe, QuH 4
= Simplified superpotential

WO = )\OZHQHBEQ5+)\1 ZQaa guae af
o,B,a

Y Z Qa,a(Ha)pdae™ + N>~ Lo(Hg)gee™”
a,B,a o,

= Computation of vacuum manifold M for various deformations

Wo+? | dim(M) | M | Wo+? | dim(M)
0 1 C QuQ)d 1
LH, 0 point | QulLe 1
QdL 0 point || QuH e 1

alalals




MSSM Electroweak Sector |

= Set vevs for u%, u%, dt, d% to zero by hand

= This leaves n = 13 scalar fields and k£ = 22 GIOs

Operator | Explicit Sum Index Number
LH, L¥HPeqgs i=1,2,3 3
Hqu Ha(Hd)geaﬁ NA 1
LLe L Lhebe® | d,j=1,2,3; k=1,...,5—1 9
LHge | L' (Hg)gePel i,j=1,2,3 9

Wo = A’H,Hy+ A}, LiHae; = \°)  HYHjeap+ > N> Li(Ha)pe eag
a,f @] o,

= Computation of vacuum manifold M for various deformations

Wo+7? | dim(M) M Wo+7? dim(M) | M
0 5 cone over (CP®|6|29) LLe 0 point
LH, 1 C LLe+ LH, 0 point

= Affine cone over base manifold B with dim(B) = 4 formed by non-complete
intersection of six quadratics in CP®



MSSM Electroweak Sector I

= Next logical choice of deformation is dimension four terms which lift the
Higgs directions:

Wi = Wo + N(Hy Hyeap)® + N5 (L'H) (L HY )eag
e We find that dim(M) = 3....interesting!

e The manifold M is an affine cone over a compact, two-dimensional base B

e This base is the non-complete degree 4 intersection of 6 quadrics in CP® as
a projective variety

= Consider the simplest geometrical information about this surface,
the Hodge diamond

10,0 )
10,1 10,1 0 .
hP1(B) = n%2 pbl 02 — 0 1 0
10,1 10,1 0 0
10,0 1

= No explanation for the simplicity of this structure from field theory
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